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Abstract
Recently, entropy of static supersymmetric black holes in AdS6 was counted by topologically
twisted index of five-dimensional superconformal field theories. However, the AdS/CFT
dictionary states that the partition function of the boundary field theory is dual to the on-
shell action of the bulk quantum gravity. In this paper, we aim to explain the micropcopic
counting of black hole entropy by topologically twisted index. We calculate the renomalized
on-shell action and show that the on-shell action equals minus the Bekenstein-Hawking
entropy of the supersymmetric black holes in AdS6.
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1 Introduction and conclusions
Recently, via the AdS/CFT correspondence [1], there has been great success in microscopic
counting of supersymmetric black hole entropy in AdS4 [2] due to the localization technique for
calculating topologically twisted index in three-dimensional quantum field theories [3, 4]. More
recently, progress has been made in microscopic counting of entropy of supersymmetric black
holes in AdS6 [5, 6, 7] by topologically twisted index for five-dimensional field theories [8, 9].
1
In AdS4 and AdS6, the Bekenstein-Hawking entropy of static supersymmetric black holes was
shown to be counted by topologically twisted index.
However, the AdS/CFT dictionary [1] states that the partition function of the boundary
field theory is dual to the on-shell action of the bulk quantum gravity. In this paper, we aim
to explain the microscopic counting of AdS6 black hole entropy via topologically twisted index.
We will show that the on-shell action equals the Bekenstein-Hawking entropy of supersymmetric
black holes after holographic renormalization [10, 11]. We closely follow the parellel calculation
performed for supersymmetric black holes in AdS4 [12].
2
We make some comments on our results. First, mainly, we will consider the supersymmetric
black hole solution found in [5] in F (4) gauged supergravity in six dimensions [18]. The full black
hole solution is an interpolating geometry between the asymptotic AdS6 boundary at r0 = 0
and the AdS2 × H2 × H2 horizon at rh = ∞. However, we do not need the explicit form of
the black hole solution, and the boundary asymptotics will do enough. Second, however, the
1Note the title changes for [5, 7] soon.
2See also [13, 14] for related works in AdS4. In [15], renormalized on-shell action was also calculated as an
entropy function for five-dimensional rotating black holes in relation with [16, 17].
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supersymmetry of our black hole solution is essential. We heavily depend on the supersymmetry
equations in the course of holographic renormalization to obtain the on-shell action.
In section 2, we review F (4) gauged supergravity in six dimensions and the supersymmetric
AdS6 black hole solution found in [5]. In section 3, we calculate the renormalized on-shell action
and prove that it equals the Bekenstein-Hawking entropy of the black holes.
2 Supersymmetric black holes in AdS6
2.1 F (4) gauged supergravity in six dimensions
We review SU(2) × U(1)-gauged N = 4 supergravity in six dimensions [18]. The bosonic field
content consists of the metric, gµν , a real scalar, φ, an SU(2) gauge field, A
I
µ, I = 1, 2, 3, a U(1)
gauge field, Aµ, and a two-form gauge potential, Bµν . The fermionic field content is gravitinos,
ψµi, and dilatinos, χi, i = 1, 2. The field strengths are defined by
Fµν = ∂µAν − ∂νAµ ,
F Iµν = ∂µA
I
ν − ∂νAIµ + gIJKAJµAKν ,
Gµνρ = 3∂[µBνρ] ,
Hµν =Fµν +mBµν . (2.1)
The bosonic Lagrangian is given by
e−1L = − 1
4
R +
1
2
∂µφ∂
µφ+
1
8
(
g2e
√
2φ + 4gme−
√
2φ −m2e−3
√
2φ
)
− 1
4
e−
√
2φ
(HµνHµν + F IµνF Iµν)+ 112e2√2φGµνρGµνρ
− 1
8
µνρστκBµν
(
FρσFτκ +mBρσFτκ + 1
3
m2BρσBτκ + F
I
ρσF
I
τκ
)
, (2.2)
where g is the SU(2) gauge coupling constant and m is the mass of the two-form gauge potential.
Described by the above Lagrangian, there are five inequivalent theories : N = 4+ (g > 0, m > 0),
N = 4− (g < 0, m > 0), N = 4g (g > 0, m = 0), N = 4m (g = 0, m > 0), N = 40 (g = 0,
m = 0). The N = 4+ theory admits a supersymmetric AdS6 fixed point when g = 3m.
2.2 Supersymmetric black holes in AdS6
We review the static supersymmetric black holes in AdS6 in [5]. We consider the metric,
ds2 = e2f(r)
(
dt2 − dr2)− e2g1(r) (dθ21 + sin2 θ1dφ21)− e2g2(r) (dθ22 + sin2 θ1dφ22) , (2.3)
2
for the S2 × S2 background, and
ds2 = e2f(r)
(
dt2 − dr2)− e2g1(r) (dθ21 + sinh2 θ1dφ21)− e2g2(r) (dθ22 + sinh2 θ1dφ22) , (2.4)
for the H2 × H2 background. The only non-vanishing component of the non-Abelian SU(2)
gauge field, AIµ, I = 1, 2, 3, is given by
A3 = −a1 cos θ1dφ1 − a2 cos θ2dφ2 , (2.5)
for the S2 × S2 background, and
A3 = a1 cosh θ1dφ1 + a2 cosh θ2dφ2 , (2.6)
for the H2 × H2 background, where the magnetic charges, a1 and a2, are constant. We also have
a non-trivial two-form gauge potential,
Btr = − 2
m2
a1a2e
√
2φ+2f−2g1−2g2 . (2.7)
We turn off the Abelian U(1) gauge field, Aµ. The supersymmetry equations are given by
f ′e−f = − 1
4
√
2
(
ge
φ√
2 +me
− 3φ√
2
)
− λ
2
√
2
e
− φ√
2
(
a1e
−2g1 + a2e−2g2
)− 3√
2m
a1a2e
φ√
2
−2g1−2g2 ,
g′1e
−f = − 1
4
√
2
(
ge
φ√
2 +me
− 3φ√
2
)
+
λ
2
√
2
e
− φ√
2
(
3a1e
−2g1 − a2e−2g2
)
+
1√
2m
a1a2e
φ√
2
−2g1−2g2 ,
g′2e
−f = − 1
4
√
2
(
ge
φ√
2 +me
− 3φ√
2
)
+
λ
2
√
2
e
− φ√
2
(
3a2e
−2g2 − a1e−2g1
)
+
1√
2m
a1a2e
φ√
2
−2g1−2g2 ,
1√
2
φ′e−f =
1
4
√
2
(
ge
φ√
2 − 3me− 3φ√2
)
+
λ
2
√
2
e
− φ√
2
(
a1e
−2g1 + a2e−2g2
)− 1√
2m
a1a2e
φ√
2
−2g1−2g2 .
(2.8)
We also obtain the twist conditions on the magnetic charges,
a1 = − k
λg
, a2 = − k
λg
, (2.9)
where λ = ±1, k = +1 for the S2 × S2 background and k = −1 for the H2 × H2 background.
We will consider the N = 4+ theory, g > 0, m > 0. We find an AdS2 fixed point solution for
the H2 × H2 background with k = −1,
ef =
21/4
g3/4m1/4
1
r
, eg1 = eg2 =
23/4
g3/4m1/4
, e
φ√
2 =
21/4m1/4
g1/4
. (2.10)
When we consider the S2 × S2 background with k = +1, AdS2 fixed point does not exist. The
full black hole solution is an interpolating geometry between the asymptotic AdS6 boundary at
r0 = 0 and the AdS2 × H2 × H2 horizon at rh = ∞.
3
3 On-shell action
3.1 The bulk and boundary terms
In this section, we calculate the on-shell action. The calculation of the on-shell action is quite
parallel to the calculation for AdS4 black holes in [12]. The Einstein equations for the ansatz in
the previous section can be presented by
0 = e−2fRtt + V + F + 3B ,
0 = e−2fRrr + 4Φ− V − F − 3B ,
0 =
1
2
(
e−2g1Rθ1θ1 + e
−2g2Rθ2θ2
)− V + F +B , (3.1)
where we defined
V = − 1
8
(
g2e
√
2φ+ 4gme−
√
2φ −m2e−3
√
2φ
)
,
F = − 1
2
e−
√
2φ
(
a21e
−4g1 + a22e
−4g2) ,
B = − 2
m2
a21a
2
2e
√
2φ−4g1−4g2 ,
Φ = − 1
2
e−2fφ′φ′ , (3.2)
and V is the scalar potential. With the Einstein equations, the bosonic Lagrangian can be
expressed in terms of the metric functions,
e−1L = −1
4
R− 1
2
e−2fφ′φ′ − V − 1
2
e−
√
2φ
(
a21e
−4g1 + a22e
−4g2)− 2
m2
a21a
2
2e
√
2φ−4g1−4g2 ,
= −1
4
(
R + e−2f (Rtt +Rrr) + 2
(
e−2g1Rθ1θ1 + e
−2g2Rθ2θ2
))
= −1
2
e−2f (f ′′ + 2f (g′1 + g
′
2))
= −1
4
e−2f−2g1−2g2
(
e−2f+2g1+2g2
(
e2f
)′)′
. (3.3)
Then the bulk action and the Gibbons-Hawking term [26] are, respectively,
Sbulk =
1
4piGN
∫
d6xLEuc
=
βvol(Σg1)vol(Σg2)
8piGN
∫ r0
rh
dr
1
2
(
e−2f+2g1+2g2
(
e2f
)′)′
, (3.4)
SGH = − 1
8piGN
∫
∂
d5x
√
hK
= − βvol(Σg1)vol(Σg2)
8piGN
e2g1+2g2 (f ′ + 2g′1 + 2g
′
2)
∣∣∣∣
r=r0
, (3.5)
4
where LEuc is the Euclidean continuation of the Lagrangian in (2.2), hij is the induced metric,
and the extrinsic curvature, normal vector, and trace of the extrinsic curvature are, respectively,
Kij = 1
2
nk∂kgij , (3.6)
nj =
1√
grr
(
∂
∂r
)j
, (3.7)
K =hijKij . (3.8)
We denoted the six-dimensional Newton’s gravitational constant by GN . Also the radius of the
horizon and the location of the boundary were denoted by rh and r0, respectively. We also
obtained the inverse temperature by
β =
1
T
=
4pi
e2f (−e−2f )′ . (3.9)
Then the sum of the bulk action and the Gibbons-Hawking term is
Sbulk + SGH = − A
4GN
− βvol(Σg1)vol(Σg2)
8piGN
(
e2g1+2g2
)′∣∣∣∣
r=r0
, (3.10)
where the area of the horizon is
A = e2g1+2g2vol(Σg1)vol(Σg2)
∣∣
r=rh
. (3.11)
Employing the supersymmetry equations in (2.8), we can rewrite(
e2g1+2g2
)′
= 2e2g1+2g2 (g′1 + g
′
2)
= 4ef+2g1+2g2
[
−1
2
W +
λ
2
√
2
e
− φ√
2
(
a1e
−2g1 + a2e−2g2
)
+
1√
2m
a1a2e
φ√
2
−2g1−2g2
]
.
(3.12)
The superpotential is defined by
W =
1
2
√
2
(
ge
φ√
2 +me
− 3φ√
2
)
, (3.13)
and it gives the scalar potential by
V =
1
2
(
∂W
∂φ
)2
− 5
2
W 2 . (3.14)
Using the expression in (3.12), the sum of the bulk action and the Gibbons-Hawking term is
Sbulk+SGH = − A
4GN
+
βvol(Σg1)vol(Σg2)
4piGN
ef+2g1+2g2W
∣∣∣∣
r=r0
− βvol(Σg1)vol(Σg2)
2piGN
ef+2g1+2g2
[
λ
2
√
2
e
− φ√
2
(
a1e
−2g1 + a2e−2g2
)
+
1√
2m
a1a2e
φ√
2
−2g1−2g2
]∣∣∣∣
r=r0
.
(3.15)
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As we discussed in the introduction, the full black hole solution is an interpolating geometry
between the asymptotic AdS6 boundary at r0 = 0 and the AdS2 × H2 × H2 horizon at rh = ∞.
At the boundary, r0 = 0, the metric and the scalar field asymptote to AdS6 spacetime,
ef = eg1 = eg2 ∼= RAdS6
r
, e
φ√
2 ∼= 1 . (3.16)
Hence, we observe that the superpotential term, the term with a1 and a2, the term with a1a2 in
(3.15) are quintic, cubic, and linear divergences, respectively, at the boundary, r = r0. Therefore,
in the next subsection, we will introduce counterterms to eliminate the divengent terms in the
on-shell action.
3.2 The counterterms for pure gravity in AdSn+1
In the case of pure gravity theories in AdSn+1 spacetimes with n < 7, the counterterms to
eliminate the divergent terms arising from on-shell action at the boundary were systematically
obtained long ago in [27]. In this subsection, we briefly review.
The counterterms for generic pure gravity theories in AdSn+1 spacetimes with n < 7, are
presented in [27],
Sct =
1
8piGN
∫
∂
dnx
√
h
[
n− 1
l
+
l
2(n− 2)R+
l3
2(n− 4)(n− 2)2
(
RijRij − n
4(n− 1)R
2
)
+ · · ·
]
,
(3.17)
where h, R, Rij are the determinant of the metric, the Ricci scalar, and the Ricci tensor of
the boundary metric, respectively, and l is the radius of AdSn+1. According to [27], the first
term first appeared in [28], the second term in [29], and the third term in [27]. As n < 7,
it is enough to determine the counterterms up to AdS7 spacetimes. In odd dimensions, some
denominators vanish, and they produce the logarithmic corrections, e.g., [20, 21]. In AdS4, as
the third term is not divergent and vanishes at the boundary, there are counterterms only up to
R, e.g., [19, 22, 12, 24]. On the other hand, as we are working in AdS6, we will encounter the
R2 counterterms, as they appeared in [25, 23].3
3.3 The counterterms
In the previous subsection, we reviewed the counterterms in pure gravity theories in AdSn+1.
In our case, we also have additional fields, and the counterterms also come dressed with the
additional fields. Accordingly, we introduce the superpotential counterterm and the counterterms
3See [30, 31, 14] for more formal and systematic approaches.
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from the curvature of the boundary, respectively,4
SSUSY = − 1
8piGN
∫
∂
d5x
√
h
(
2W
)
= − βvol(Σg1)vol(Σg2)
4piGN
ef+2g1+2g2W
∣∣∣∣
r=r0
, (3.18)
SR = − 1
8piGN
∫
∂
d5x
√
h
(
1√
2g
e
− φ√
2R
)
= − βvol(Σg1)vol(Σg2)
2piGN
ef+2g1+2g2
k
2
√
2g
e
− φ√
2
(
e−2g1 + e−2g2
)∣∣∣∣
r=r0
, (3.19)
SR2 = − 1
8piGN
∫
∂
d5x
√
h
(
2√
2g2m
e
φ√
2
(
RijRij − 5
16
R2
))
=
βvol(Σg1)vol(Σg2)
2piGN
ef+2g1+2g2
1√
2g2m
e
φ√
2
−4G
∣∣∣∣
r=r0, G≡g1=g2
, (3.20)
where the Ricci scalar of the induced metric is
R = 2k (e−2g1 + e−2g2) . (3.21)
In (3.19) we set k = −1 and in (3.20) we idenfied, G ≡ g1 = g2, which are indeed the case
for supersymmetric solutions. In the following, we will keep this identification and employ G for
g1 and g2. Combining the counterterms to the bulk action and the Gibbons-Hawking term, we
have
Son-shell = Sbulk + SGH + SSUSY + SR + SR2
= − A
4GN
− βvol(Σg1)vol(Σg2)
4piGN
ef+4G
[
1√
2m
a1a2e
φ√
2
−4G
]∣∣∣∣
r=r0
. (3.22)
Therefore, the counterterms we introduced have eliminated the quintic and cubic divergences
and half of the linear divergence in the on-shell action. We still have the second term in (3.22)
which is linearly divergent at the boundary.
If we set the scalar field to vanish, φ = 0, and use g = 3m, we obtain
SSUSY + SR + SR2 =
1
8piGN
∫
∂
d5x
√
h
[
4
3
√
2
g +
1√
2g
R+ 6√
2g3
(
RijRij − 5
16
R2
)]
,
=
1
8piGN
∫
∂
d5x
√
h
[
4
l
+
l
6
R+ l
3
18
(
RijRij − 5
16
R2
)]
, (3.23)
where, in the second line, we reparametrized g→3√2/l. This is indeed the counterterms intro-
duced for pure gravity in AdS6 in (3.17).
4We are grateful to Ioannis Papadimitriou for informing us the existance of R2 counterterms in AdS6.
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In order to eliminate the second term in (3.22), we should introduce an additional counterterm
which is due to the presence of two-form gauge potential,
SB =
1
16piGN
∫
∂
d5x
√
he
− φ√
2m|B| , (3.24)
where
|B|2 = gµνgρσBµρBνσ . (3.25)
We, then, finally, show that the renormalized on-shell action equals minus the Bekenstein-
Hawking entropy of the supersymmetric black holes in AdS6,
Son-shell = Sbulk + SGH + SSUSY + SR + SR2 + SB = − A
4GN
. (3.26)
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